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STRONGLY PSEUDOCONVEX DOMAINS AS
SUBVARIETIES
OF COMPLEX MANIFOLDS
BARBARA DRINOVEC DRNOVSˇEK & FRANC FORSTNERICˇ
Abstract. In this paper we obtain existence and approximation re-
sults for closed complex subvarieties that are normalized by strongly
pseudoconvex Stein domains. Our sufficient condition for the existence
of such subvarieties in a complex manifold X is expressed in terms of the
Morse indices and the number of positive Levi eigenvalues of an exhaus-
tion function on X (Theorem 1.1). Examples show that our conditions
cannot be weakened in general. We obtain optimal results for subvari-
eties of this type in complements of compact complex submanifolds with
Griffiths positive normal bundle (Section 7); in the projective case these
generalize classical theorems of Remmert, Bishop and Narasimhan con-
cerning proper holomorphic maps and embeddings to Cn = Pn\Pn−1.
Dedicated to Edgar Lee Stout
1. Introduction
An interesting and difficult problem in analytic geometry is to describe
the closed complex subvarieties of a given complex (or algebraic) manifold
X. The set of all compact subvarieties – the Douady space D(X) and its
close relative, the cycle space C(X) (the Chow variety in the quasi-projective
setting) – is itself a finite dimensional complex analytic space (see [2, 5,
13]). Noncompact subvarieties are in many aspects harder to deal with, and
consequently not as well understood.
In the present paper we continue the investigation, begun in [14], of the
existence and plenitude of subvarieties that arise as proper holomorphic
images of strongly pseudoconvex Stein domains. In [14] we analysed the
one dimensional case – complex curves normalized by bordered Riemann
surfaces. Here we study higher dimensional subvarieties of this type and
obtain optimal results in terms of the Levi geometry and the Morse indices
of an exhaustion function on the ambient manifold.
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Let X be a complex manifold with the complex structure operator J ∈
EndRTX, J
2 = −I. The Levi form of a C2-function ρ : X → R is
Lρ(x; v) =
1
4
〈ddcρ, v ∧ Jv〉, x ∈ X, v ∈ TxX,
where dc = −J∗ ◦ d = i(∂¯ − ∂) is the conjugate differential defined by
〈dcρ, v〉 = −〈dρ, Jv〉. We have ddc = 2 i∂∂¯. Choosing local holomorphic
coordinates z = (z1, . . . , zn) near a point x ∈ X and writing v =
1
2 (η + η¯),
where η =
∑n
j=1 ηj
∂
∂zj
|x ∈ T
1,0
x X, we have
Lρ(x; v) = 〈∂∂¯ρ(x), η ∧ η¯〉 =
n∑
j,k=1
∂2ρ(x)
∂zj∂z¯k
ηj η¯k.
Our main result is the following.
Theorem 1.1. Assume that X is an n-dimensional complex manifold, Ω
is an open subset of X, ρ : Ω→ (0,+∞) is a smooth Morse function whose
Levi form has at least r positive eigenvalues at every point of Ω for some
r ≤ n, and for any pair of real numbers 0 < c1 < c2 the set
Ωc1,c2 = {x ∈ Ω: c1 ≤ ρ(x) ≤ c2}
is compact. Let D be a smoothly bounded, relatively compact, strongly pseu-
doconvex domain in a Stein manifold S, and let f0 : D¯ → X be a continuous
map that is holomorphic in D and satisfies f0(bD) ⊂ Ω. If
(a) r ≥ 2d, where d = dimC S,
or if
(b) r ≥ d+ 1 and ρ has no critical points of index > 2(n− d) in Ω,
then f0 can be approximated, uniformly on compacts in D, by holomorphic
maps f : D → X such that f(z) ∈ Ω for every z ∈ D sufficiently close to
bD, and
lim
z→bD
ρ(f(z)) = +∞.
Moreover, given an integer k ∈ Z+, f can be chosen to agree with f0 to
order k at each point in a given finite set σ ⊂ D.
The most interesting case is when X is noncompact, Ω is a union of
connected components of X\K for some compact subset K of X, and ρ→
+∞ along the noncompact ends of Ω. Theorem 1.1 then furnishes proper
holomorphic maps f : D → X that approximate a given map f0 uniformly
on compacts in D. A typical situation is Ω = {ρ > 0} where ρ : X → R is
an exhaustion function satisfying the stated properties on Ω.
A C2-function ρ on an n-dimensional complex manifold X whose Levi
form has at least r positive eigenvalues at every point in an open set Ω ⊂ X
is said to be (n − r + 1)-convex on Ω (see [26]). All Morse indices of such
function are ≤ r+2(n− r) = 2n− r. (See Lemma 2.1 below for a quadratic
STRONGLY PSEUDOCONVEX DOMAINS AS SUBVARIETIES 3
normal form of such a function at a critical point. The Morse condition
can always be achieved by a small perturbation of ρ in the fine C2-topology,
keeping the above Levi convexity property of ρ.) Hence condition (a) in
Theorem 1.1 implies that all Morse indices of ρ in Ω are ≤ 2(n − d), and
therefore condition (b) holds as well. When d = 1 (i.e., D is a bordered
Riemann surface), conditions (a) and (b) are both equivalent to r ≥ 2, and
in this case Theorem 1.1 is essentially the same as [14, Theorem 1.1]. When
d > 1, condition (b) is weaker than (a).
An n-dimensional complex manifold X is said to be q-convex if it admits
an exhaustion function ρ : X → R that is q-convex on {ρ > c} for some c ∈ R;
X is q-complete if ρ can be chosen q-convex on all of X (see [1, 26]). By
approximation we can assume that ρ is C∞-smooth. We have the following
corollary of Theorem 1.1 (a).
Corollary 1.2. Let X be an n-dimensional complex manifold, and let D ⋐
S be a d-dimensional strongly pseudoconvex domain as in Theorem 1.1. As-
sume that 2d ≤ n and q ∈ {1, . . . , n− 2d+ 1}. Then the following hold:
(a) If X is q-convex then there exists a proper holomorphic map D → X.
(b) If X is q-complete then every continuous map D¯ → X that is holo-
morphic in D can be approximated, uniformly on compacts in D, by proper
holomorphic maps D → X.
Theorem 1.1 and Corollary 1.2 apply to any Stein manifold D with com-
pact closure D¯ and smooth strongly pseudoconvex boundary bD. Indeed,
such D is equivalent to a smoothly bounded strongly pseudoconvex domain
in a Stein manifold, and even in an affine algebraic manifold, by a biholo-
morphism extending smoothly to the boundary (see [6, 36, 52]). For the
general theory of Stein manifolds we refer to [31, 37].
The image V = f(D) of a proper holomorphic map f : D → X is a closed
complex subvariety of X (see Remmert [47]). If the generic fiber of f is a
single point of D (which is easily ensured by a suitable choice of the initial
map f0), then f : D → V is a normalization map of the subvariety V .
Our proof of Theorem 1.1 (see §5) involves three main analytic techniques.
When d = dimD = 1, D is a bordered Riemann surface, and in this case
Theorem 1.1 essentially coincides with [14, Theorem 1.1]. The higher di-
mensional case requires a considerably more delicate technique for lifting
the boundary of D (considered as a subset of X via a map D¯ → X) to
higher levels of ρ. The main local lifting lemma (see Lemma 5.3) employs
special holomorphic peak functions that reach their maximum along certain
Legendrian (complex tangential) submanifolds of maximal real dimension
d− 1 in bD. Its proof mainly relies on the work of Dor [12] (see also Hakim
[32] and Stensønes [51]). The idea of using such peak functions goes back to
the construction of inner functions by Hakim and Sibony (see [33]) and Løw
(see [40]); these undoubtedly belong among the most intricate and beautiful
results in complex analysis.
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Each local modification is patched with the previous global map D¯ → X
by the method of gluing holomorphic sprays developed in [14] (see §4 below).
This technique effectively replaces the ∂¯-equation which cannot be used
directly in a nonlinear setting. However, the lemma on gluing of sprays
from [14] depends on the existence of a bounded linear solution operator for
the ∂¯-equation at the level of (0, 1)-forms.
To avoid the critical points of ρ (where the estimates in the lifting process
cannot be controlled) we adapt a method that was developed (for strongly
plurisubharmonic functions) in [18]. We first ensure that the boundary of D
(considered as a subset of X) avoids the stable manifold of any critical point
of ρ; this is possible by general position, provided that all Morse indices of
ρ are ≤ 2(n − d). In order to lift bD over the critical level at a critical
point p ∈ Ω we construct a new noncritical function τ , with the same Levi
convexity properties as ρ, such that {τ ≤ 0} contains {ρ ≤ c} for some
c < ρ(p), and it also contains the local stable manifold of p for the gradient
flow of ρ (see Lemma 3.1). Using the lifting procedure with τ we can push
bD into {ρ > ρ(p)}, and the construction may proceed.
In the remainder of this introduction we discuss further corollaries and
examples related to Theorem 1.1.
Example 1.3. Condition (b) in Theorem 1.1 cannot be weakened for any
pair of dimensions 1 ≤ d < n. Given integers 1 ≤ d < n, set m = n−d+1 ∈
{2, . . . , n}. Let Tm = Cm/Γ be a complex torus of dimension m that is
not projective-algebraic, and that furthermore does not contain any closed
complex curves. (Most tori of dimension > 1 are such; for a specific example
with m = 2 see [53, p. 222].) Set
(1.1) X = Tm\{p} ×Cn−m = Tm\{p} × Cd−1.
Choose an exhaustion function τ : Tm\{p} → R that equals |y − y(p)|−2
in some local holomorphic coordinates y on Tm near p. The exhaustion
function ρ(y,w) = τ(y) + |w|2 on X has no critical points in a deleted
neighborhood of p, and its Levi form has 1+n−m = d positive eigenvalues
near {p}×Cd−1. Thus X satisfies condition (b) in Theorem 1.1 for domains
D of dimension < d, but not for domains of dimension ≥ d.
We claim that no d-dimensional Stein manifold D admits a proper holo-
morphic map to the manifold X (1.1). Indeed, suppose that f : D → X
is such a map. Let π : X → Cd−1 denote the projection π(y,w) = w
onto the second factor. Consider the holomorphic map π ◦ f : D → Cd−1.
By dimension reasons there exists a point w ∈ Cd−1 for which the fiber
Σ = {z ∈ D : π(f(z)) = w} is a subvariety of positive dimension in D. Since
D is Stein, Σ contains a one dimensional subvariety C, and f(C) is then a
closed complex curve in Tm\{p} × {w}. Since a point is a removable singu-
larity for positive dimensional analytic subvarieties [48], it follows that f(C)
is a nontrivial closed complex curve in Tm × {w}, a contradiction.
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Interestingly enough, the manifold X (1.1) admits plenty of nonproper
holomorphic maps S → X from any Stein manifold S. Indeed, X enjoys the
following Oka property (see [19, Corollary 1.5 (ii)]):
Any continuous map f0 : S → X from a Stein manifold S is homotopic
to a holomorphic map f : S → X; if in addition f0 is holomorphic in a
neighborhood of a compact O(S)-convex subset K ⊂ S, then f can be chosen
to approximate f0 as close as desired uniformly on K.
This shows that properness of a holomorphic map f : D → X is a very
restrictive condition irrespectively of the codimension dimX − dimD. 
Theorem 1.1 gives interesting information on the existence of proper holo-
morphic maps of strongly pseudoconvex domains into complements of cer-
tain complex submanifolds. For example, if A is a compact complex sub-
manifold of complex codimension q in a projective space X = Pn, then
Ω = Pn\A admits a q-convex exhaustion function without critical points
close to A (Barth [3]; the manifold Pn\Pn−q is even q-complete.) Thus con-
dition (b) in Theorem 1.1 holds when r = n−q+1 > dimD or, equivalently,
dimD ≤ dimA. This gives the first part of the following corollary; for the
second part we apply a result of Schneider (see [49, Corollary 2]).
Corollary 1.4. If A is a compact complex submanifold of Pn then every
smoothly bounded, relatively compact, strongly pseudoconvex Stein domain D
of dimension dimD ≤ dimA admits a proper holomorphic map D → Pn\A.
In particular, if dimD < n then D admits a proper holomorphic map into
the complement Pn\A of any nonsingular complex hypersurface A in Pn.
The analogous conclusion holds for maps D → X\A, where A is a compact
complex submanifold of a complex manifold X with Griffiths positive normal
bundle NA|X .
Corollary 1.4 generalizes Bishop’s theorem (see [4]) on the existence of
proper holomorphic maps D → Cn = Pn\Pn−1 for n > dimD. While
Bishop’s theorem holds for any Stein manifold D of dimension < n, in the
general situation considered here one must restrict to Kobayashi hyperbolic
domains since the complement Pn\A of a generic hypersurface A ⊂ Pn of
sufficiently high degree is hyperbolic.
The conclusion of Corollary 1.4 fails when dimD > dimA. Indeed, the
closure of V = f(D) in Pn would be a closed complex subvariety of Pn by the
Remmert-Stein theorem (see [48, 27, p. 354]), hence f(D) = V \A would be
quasi-projective algebraic (the difference of two closed projective varieties).
This is clearly impossible. It is easily seen that a proper holomorphic map
f : D → X\A cannot extend continuously (as a map to X) to any boundary
point of D.
Our next corollary generalizes classical results of Remmert [46], Bishop
[4], and Narasimhan [42] on immersions and embeddings of strongly pseu-
doconvex domains into Euclidean spaces, as well as results of Dor [11, 12]
where the target manifold X is a domain of holomorphy in Cn.
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Corollary 1.5. Assume that D is a smoothly bounded, relatively compact,
strongly pseudoconvex domain in a Stein manifold S, X is a Stein manifold,
and f0 : D¯ → X is a continuous map that is holomorphic in D.
(i) If dimX ≥ 2 dimD, then f0 can be approximated uniformly on com-
pacts in D by proper holomorphic immersions D → X.
(ii) If dimX ≥ 2 dimD + 1, then f0 can be approximated uniformly on
compacts in D by proper holomorphic embeddings D →֒ X.
Corollary 1.5 is a consequence of Theorem 1.1 (condition (a) holds since a
Stein manifold X is 1-complete), except for the claim that f can be chosen
an immersion (resp. an embedding). The latter conditions are easily built
into the construction by applying a general position argument at every step
of the inductive process.
Further results on holomorphic immersions and embeddings in X = Cn
can be found in [16, 23, 22, 45, 50, 54, 55]; for embeddings into special
domains such as balls and polydiscs see also [10, 17, 24, 32, 41, 51].
Assume now that X is a quasi-projective algebraic manifold. We shall see
that in this case every subvariety V = f(D) ⊂ X, obtained by the proof of
Theorem 1.1, is a limit of domains contained in algebraic varieties in X and
normalized by D.
By a theorem of Stout [52] (see also [9, 39]) we can assume that D in
Theorem 1.1 is a smoothly bounded, strongly pseudoconvex, Runge domain
in an affine algebraic manifold S ⊂ CN of pure dimension d. A holomorphic
map f from an open set U ⊂ S to a quasi-projective algebraic variety X is
said to be Nash algebraic (see Nash [43]) if its graph
Gf = {(z, f(z)) ∈ S ×X : z ∈ U}
is contained in a pure d-dimensional algebraic subvariety of S×X. We then
have the following result (c.f. [14, Corollary 1.2] for d = 1).
Corollary 1.6. Assume that X is a quasi-projective algebraic manifold,
ρ : X → R is a smooth exhaustion function that satisfies one of the con-
ditions in Theorem 1.1 on the set Ω = {x ∈ X : ρ(x) > 0}, and D ⋐ S
is a smoothly bounded, strongly pseudoconvex Runge domain in an affine
algebraic manifold S. Given a map f0 : D¯ → X as in Theorem 1.1, with
f0(bD) ⊂ Ω, there is a sequence of Nash algebraic maps fj : Uj → X, de-
fined in open sets D¯ ⊂ Uj ⊂ S, such that fj(bD) ⊂ Ω,
lim
j→∞
(
inf{ρ ◦ fj(z) : z ∈ bD}
)
→ +∞,
and the sequence fj|D converges to a proper holomorphic map f : D → X as
j →∞. Furthermore, f can be chosen to approximate f0 as close as desired
uniformly on a given compact subset of D.
The image fj(Uj) of the Nash algebraic map fj in Corollary 1.6 is con-
tained in a pure d-dimensional algebraic subvariety Γj of X (the projection
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to X of an algebraic subvariety in S × X containing the graph of fj). As
j → ∞, the domains fj(D) ⊂ Γj converge to the subvariety f(D) ⊂ X,
while their boundaries fj(bD) tend to infinity in X.
Corollary 1.6 is seen exactly as [14, Corollary 1.2] by combining the proof
of Theorem 1.1 with the approximation theorems of Demailly, Lempert and
Shiffman (see [9, Theorem 1.1]) and Lempert (see [38, Theorem 1.1]).
Here is another natural question:
Question 1.7. When is a continuous map D → X from a strongly pseu-
doconvex Stein domain D to a complex manifold X homotopic to a proper
holomorphic map?
The following result in this direction generalizes Corollaries 1.5 and 1.6
in [14] which concern the one dimensional case; the proofs given there also
apply in our case by using Theorem 1.1. The Oka property was defined in
Example 1.3; for more details see [19].
Corollary 1.8. Let D ⋐ S be a smoothly bounded, strongly pseudoconvex
domain in a d-dimensional Stein manifold S, and let X be a complex man-
ifold of dimension n ≥ 2d that is (n − 2d + 1)-complete. Let JS (resp. JX)
denote the complex structure operator on S (resp. on X).
(i) If d 6= 2 then for every continuous map f0 : D¯ → X there exists a
Stein structure J˜S on S that is homotopic to JS and such that D is
strongly J˜S-pseudoconvex, and there exists a proper (J˜S , JX)-holo-
morphic map f : D → X homotopic to f0|D.
(ii) If d = 2 then the conclusion (i) holds after changing the C∞ structure
on S (i.e., the new Stein structure J˜S may be exotic).
(iii) If X enjoys the Oka property then every continuous map D¯ → X is
homotopic to a proper (JS , JX)-holomorphic map D → X.
For further results see Theorem 7.2, Theorem 7.3 and Corollary 7.4.
Organization of the paper. In §2 and §3 we analyse the behavior of a
q-convex function near a Morse critical point. In §4 we recall the relevant
results from [14] on the theory of holomorphic sprays. Theorem 1.1 is proved
in §5. In §6 we recall the notions of Griffiths positivity and signature of a
Hermitian holomorphic vector bundle, as well as their connection with the
Levi convexity properties. This information is used in §7 where we study
the existence of subvarieties as in Theorem 1.1 in complements of certain
compact complex submanifolds.
2. Quadratic normal form for critical points of q-convex
functions
In this section we describe a quadratic normal form of a q-convex function
ρ at a nondegenerate critical point p. In the following section this normal
form will be used in the construction of a q-convex function τ that allows
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us to pass the critical level {ρ = ρ(p)} by applying the noncritical case of
our lifting construction with τ (instead of ρ).
Since our considerations are completely local, we assume that ρ is a real
valued C2-function in an open neighborhood of the origin in Cn, with a
nondegenerate (Morse) critical point at 0, and ρ(0) = 0. Suppose that ρ is
q-convex at 0 for some q ∈ {1, 2, . . . , n + 1}; this means that its Levi form
Lρ(0) has at least r = n−q+1 positive eigenvalues (the remaining s = q−1
eigenvalues can be of any sign). By a complex linear change of coordinates
on Cn we can achieve that the subspace Cr × {0}s is spanned by (some
of the) eigenvectors corresponding to the positive eigenvalues of Lρ(0) and
that 0 is a Morse critical point of ρ(· , 0). We denote the coordinates on
C
n = Cr × Cs = Cr × R2s by z = (ζ, u), where ζ = x+ iy ∈ Cr (x, y ∈ Rr)
and u ∈ R2s. By shrinking the domain of ρ to a sufficiently small polydisc
P = P r × P s ⊂ Cn around 0 we can assume that the function ζ → ρ(ζ, u)
is strongly plurisubharmonic on P r for each fixed u ∈ P s.
Lemma 3 from [34], applied to the strongly plurisubharmonic function
ζ → ρ(ζ, 0), gives a complex linear change of coordinates on Cr and a
number k ∈ {0, 1, . . . , r} such that, in the new coordinates, we have
ρ(ζ, 0) =
r∑
j=1
(δjx
2
j + λjy
2
j ) + o(|ζ|
2),
where λj > 1, δj = −1 for j = 1, . . . , k, and λj ≥ 1, δj = +1 for j =
k + 1, . . . , r. Note that k is the Morse index of ρ(· , 0) at ζ = 0.
Writing x′ = (x1, . . . , xk) and x
′′ = (xk+1, . . . , xr) we obtain
ρ(ζ, 0) = −|x′|2 + |x′′|2 +
r∑
j=1
λjy
2
j + o(|ζ|
2).
Consider the full second order Taylor expansion of ρ at 0 ∈ Cn:
ρ(z) = ρ(ζ, u) = ρ(ζ, 0) +
2s∑
j=1
ujaj(x, y) +
2s∑
i,j=1
cij uiuj + o(|z|
2).
Here aj(x, y) =
∑r
l=1 αjlxl + βjlyl are real-valued linear functions on C
r =
R
2r and cij = cji are real constants.
Our next aim is to remove the mixed terms ujaj(x, y) by using a shear of
the form (ζ, u) 7→ (ζ+h(u), u) for a suitable R-linear map h : R2s → Cr; such
transformation is holomorphic (indeed, affine linear) in the ζ-coordinates,
and hence it preserves (strong) ζ-plurisubharmonicity. To find such h, we
consider the critical point equation ∂ζρ
(2)(ζ, u) = 0, where ρ(2) denotes the
2nd order homogeneous polynomial of ρ:
∂ρ(2)
∂xi
(ζ, u) = 2δixi +
2s∑
j=1
ujαji = 0;
∂ρ(2)
∂yi
(ζ, u) = 2λiyi +
2s∑
j=1
ujβji = 0.
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This system has a unique (linear) solution ζ = x + iy = h(u), and the
quadratic map ζ → ρ(2)(ζ + h(u), u) has a unique critical point at ζ = 0
for every u. Writing ρ(ζ, u) = ρ˜(ζ + h(u), u), the function ρ˜ is of the same
form as ρ, but with aj(x, y) = 0 for all j = 1, . . . , 2s. We drop the tilde and
denote the new function again by ρ.
The classical theorem of Sylvester furnishes an R-linear transformation
of the u-coordinates which puts
∑2s
i,j=1 cij uiuj into a normal form −|u
′|2 +
|u′′|2, where u′ = (u1, . . . , um) and u
′′ = (um+1, . . . , u2s) for some m ∈
{0, 1, . . . , 2s}. This gives ρ(ζ, u) = ρ˜(ζ, u) + o(|ζ|2 + |u|2) where
(2.1) ρ˜(ζ, u) = −|x′|2 − |u′|2 + |x′′|2 + |u′′|2 +
r∑
j=1
λjy
2
j ,
λj > 1 for j = 1, . . . , k, and λj ≥ 1 for j = k + 1, . . . , r. We shall say that
(2.1) is a quadratic normal form for critical points of q-convex functions.
Note that k +m is the Morse index of ρ (or ρ˜) at 0.
We summarize the above discussion in the following lemma; for the strong-
ly pseudoconvex case see [35, Lemma 2.5].
Lemma 2.1. (Quadratic normal form of a q-convex critical point) Assume
that X is an n-dimensional complex manifold and that ρ : X → R is a C2-
function with a nondegenerate critical point at p0 ∈ X. If ρ is q-convex at
p0 for some q ∈ {1, . . . , n+ 1} then there exist
(i) a local holomorphic coordinate map z = (ζ, w) : U → Cr × Cs on an
open neighborhood U ⊂ X of p0, with z(p0) = 0, r = n − q + 1 and
s = q − 1,
(ii) a change of coordinates ψ(z) = ψ(ζ, w) = (ζ + h(w), g(w)) on Cn
that is R-linear in w ∈ Cs = R2s, and
(iii) a normal form ρ˜(ζ, u) of type (2.1),
such that, setting φ(p) = ψ(z(p)) ∈ Cn for p ∈ U , we have
ρ(p) = ρ(p0) + ρ˜(φ(p)) + o(|φ(p)|
2), p ∈ U.
Furthermore, we can approximate ρ as close as desired in the C2-topology
by a q-convex function ρ′ that agrees with ρ outside of U and has a nice
critical point at p0, in the sense that ρ
′(p) = ρ(p0)+ ρ˜(φ(p)) near p0. If ρ is
Cr-smooth for some r ∈ {2, 3, . . . ,∞} then ρ′ can also be chosen Cr-smooth.
Proof. Everything except the claim in the penultimate sentence has been
proved above. The latter is seen by taking
ρ′(p) = ρ(p0) + ρ˜(φ(p)) + χ
(
ǫ−1φ(p)
)
o(|φ(p)|2),
where χ : Cn → [0, 1] is a smooth function that equals zero in the unit ball
B ⊂ Cn, and equals one outside of 2B. When ǫ > 0 decreases to zero, the
C2-norm of the last summand tends to zero uniformly on U . 
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3. Crossing a critical level of a q-convex function
Let p0 ∈ X be a nice critical point of a C
2-function ρ : X → R that
is q-convex near p0 and satisfies ρ(p0) = 0 (see Lemma 2.1). Choose a
neighborhood U ⊂ X of p0 and a coordinate map φ : U → P onto a polydisc
P ⋐ Cn as in Lemma 2.1 such that the function ρ˜ = ρ ◦ φ−1 : P → R is a
q-convex normal form (2.1). Set Q(y, x′′, u′′) =
∑r
j=1 λjy
2
j + |x
′′|2 + |u′′|2;
hence
(3.1) ρ˜(x+ iy, u) = −|x′|2 − |u′|2 +Q(y, x′′, u′′).
Let c0 ∈ (0, 1) be chosen sufficiently small such that
{(x+ iy, u) ∈ Cr × R2s : |x′|2 + |u′|2 ≤ c0, Q(y, x
′′, u′′) ≤ 4c0} ⊂ P.
Set
E˜ = {(x+ iy, u) ∈ Cr × R2s : |x′|2 + |u′|2 ≤ c0, y = 0, x
′′ = 0, u′′ = 0}.
Its preimage E = φ−1(E˜) ⊂ U is an embedded disc of dimension k+m (the
Morse index of ρ at p0) that is attached from the outside to the sublevel set
{ρ ≤ −c0} along the sphere bE ⊂ {ρ = −c0}. In the metric on U , inherited
by φ from the standard metric in Cn, E is the (local) stable manifold of p0
for the gradient flow of ρ.
The following lemma generalizes [18, Lemma 6.7] to q-convex functions.
(The cited lemma applies to q = 1, that is, to a strongly plurisubharmonic
function ρ.)
Lemma 3.1. (Notation and assumptions as above.) Assume that ρ is q-
convex in the set Kc0 = {p ∈ X : − c0 ≤ ρ(p) ≤ 3c0} ⋐ X and that p0 is
the only critical point of ρ in Kc0 . Assume that a normal form of ρ at p0 is
given by (2.1), where k ∈ {1, . . . , r} and λ = min{λ1, . . . , λk} > 1. Given a
number t0 with 0 < t0 < (1−
1
λ
)2c0, there is a C
2-function τ : {ρ ≤ 3c0} → R
enjoying the following properties (see Figure 1):
(i) {ρ ≤ −c0} ∪ E ⊂ {τ ≤ 0} ⊂ {ρ ≤ −t0} ∪E,
(ii) {ρ ≤ c0} ⊂ {τ ≤ 2c0} ⊂ {ρ < 3c0},
(iii) τ is q-convex at every point of Kc0 , and
(iv) τ has no critical values in (0, 3c0) ⊂ R.
If ρ is Cr-smooth for some r ∈ {2, 3, . . . ,∞} then τ can also be chosen
smooth of class Cr.
Each sublevel set Ωc = {τ < c} for c ∈ (0, 2c0) is a domain with C
2
strongly q-convex boundary that contains {ρ ≤ −c0}∪E, and the latter set
is a strong deformation retract of Ωc (see Figure 1). As c decreases to 0, the
sets Ωc ∩ {ρ ≥ −t0} decrease to the disc E
′ = E ∩ {ρ ≥ −t0}. Finally, the
domain Ω2c0 contains the set {ρ < c0}.
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{ρ = −t0}
Ωc
E
b
p0
{ρ < c− t1}{ρ < c− t1}
Figure 1. The set Ωc = {τ < c}
Proof. In [18, proof of Lemma 6.7, p. 178] the second named author con-
structed a smooth convex increasing function h : R → [0,+∞) enjoying the
following properties (see Figure 2):
(i) h(t) = 0 for t ≤ t0,
(ii) for t ≥ c0 we have h(t) = t− t1 with t1 = c0 − h(c0) ∈ (t0, c0),
(iii) for t0 ≤ t ≤ c0 we have t− t1 ≤ h(t) ≤ t− t0, and
(iv) for all t ∈ R we have 0 ≤ h˙(t) ≤ 1 and 2th¨(t) + h˙(t) < λ.
b b bb
t0 t1 c0
t
(0, 0)
h
t− t0
Figure 2. The function h
Given such h we define a function τ˜ : Cn = Cr × R2s → R by
(3.2) τ˜(ζ, u) = −h
(
|x′|2 + |u′|2
)
+Q(y, x′′, u′′).
Its critical locus is {|x′|2 + |u′|2 ≤ t0, x
′′ = 0, y = 0, u′′ = 0} ⊂ E˜
and the corresponding critical value is zero. From the property (iv) of h
and [18, Lemma 6.8] we see that τ˜(· , u) is strongly plurisubharmonic on Cr
for every fixed value of u ∈ R2s. The cited lemma applies directly when
u′ = 0; in general we consider the translated function hc(t) = h(t+ c) with
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c = |u′|2 > 0; we have h˙c(t) = h˙(t + c) ≤ 1 < λ and 2th¨c(t) + h˙c(t) ≤
2(t + c)h¨(t + c) + h˙(t + c) < λ (we used h¨ ≥ 0 and the property (iv) of h).
Lemma 6.8 in [18] now gives the desired conclusion concerning the function
ζ → τ˜ (ζ, u) = −hc(|x
′|2) +Q(y, x′′, u′′), where c = |u′|2.
Comparing the definitions of ρ˜ (3.1) and τ˜ (3.2), and taking into account
the properties of h, we see that the following conditions hold:
(a) ρ˜ ≤ τ˜ ≤ ρ˜+ t1 (since t− t1 ≤ h(t) ≤ t for all t ≥ 0),
(b) ρ˜+ t0 ≤ τ˜ on the set {|x
′|2 + |u′|2 ≥ t0} (from (ii) and (iii)), and
(c) τ˜ = ρ˜+ t1 on the set {|x
′|2 + |u′|2 ≥ c0} (from (ii)).
Let V = {p ∈ X : ρ(p) ≤ 3c0}. We define a function τ : V → R by
τ = τ˜ ◦ φ on U ∩ V, τ = ρ+ t1 on V \U.
Property (c) implies that both definitions of τ agree on the set
{p ∈ U ∩ V : |x′(p)|2 + |u′(p)|2 ≥ c0}.
(Here x′(p) and u′(p) denote the corresponding components of φ(p) ∈ Cn.)
Since {p ∈ U ∩ V : |x′(p)|2 + |u′(p)|2 ≤ c0} ⊂ {p ∈ U : |x
′(p)|2 + |u′(p)|2 ≤
c0, Q(y(p), x
′′(p), u′′(p)) ≤ 4c0} and the latter set is compactly contained
in U , we see that τ is well defined on V . The stated properties now follow
immediately. In particular, since τ˜ is strongly plurisubharmonic on Cr ×
{u} ⊂ Cn (u ∈ R2s) and the coordinate map φ : U → P is holomorphic
on Σu = φ
−1(Cr × {u}) ⊂ U , the restriction of τ to each r = (n − q + 1)-
dimensional complex submanifold Σu of U is strongly plurisubharmonic.
Since these submanifolds form a smooth nonsingular foliation of U with
holomorphic leaves, τ is q-convex in U∩V , while on V \U it is just a translate
of ρ by a constant. 
Remark 3.2. In Lemma 3.1 we exclude the case k = 0 when ρ has a local
minimum at the critical point p0 in the Levi-positive directions. This case
need not be considered in the proof of Theorem 1.1 since the boundary of
D in X cannot approach such a point from below during the lifting process.
4. Holomorphic sprays
In the proof of Theorem 1.1 we use sprays of maps to globalize local
corrections made near a small part of the boundary. For this purpose we
recall from [14, 15, 20] the relevant results concerning holomorphic sprays,
adjusting them to the applications in this paper.
Definition 4.1. Let ℓ ≥ 2, r ∈ {0, . . . , ℓ} and k ∈ Z+ be integers. Assume
that X is a complex manifold, D is a relatively compact strongly pseudo-
convex domain with Cℓ boundary in a Stein manifold S, and σ is a finite
set of points in D. A spray of maps of class Ar(D) with the exceptional
set σ of order k (and with values in X) is a map f : D¯ × P → X, where P
(the parameter set of the spray) is an open subset of a Euclidean space Cm
containing the origin, such that the following hold:
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(i) f is holomorphic on D × P and of class Cr on D¯ × P ,
(ii) the maps f(· , 0) and f(· , t) agree on σ up to order k for t ∈ P , and
(iii) for every z ∈ D¯\σ and t ∈ P the map
∂tf(z, t) : TtC
n = Cn → Tf(z,t)X
is surjective (the domination property).
We shall call f0 = f(· , 0) the core (or central) map of the spray f .
The following lemma is essentially [14, Lemma 4.2] for the case of sprays
of maps. As it is remarked in the first line of its proof in [14], the assumption
r ≥ 2 is needed only for the existence of a Stein neighborhood. Using [20,
Corollary 1.3] instead of [14, Theorem 2.6] we obtain the same result for all
r ∈ Z+. In §5 below we shall use these results with r = 0.
Lemma 4.2. (Existence of sprays) Assume that ℓ, r, k, D, σ and X are
as in Definition 4.1. Given a map f0 : D¯ → X of class A
r(D) to a complex
manifold X, there exists a spray f : D¯ × P → X of class Ar(D), with the
exceptional set σ of order k, such that f(· , 0) = f0.
Definition 4.3. Let ℓ ≥ 2 be an integer. A pair of open subsets D0,D1 ⋐ S
in a Stein manifold S is said to be a Cartan pair of class Cℓ if
(i) D0, D1, D = D0∪D1 and D0,1 = D0∩D1 are strongly pseudoconvex
with Cℓ boundaries, and
(ii) D0\D1 ∩D1\D0 = ∅ (the separation property).
The following is the main result on gluing sprays (see [14, Proposition
4.3]). The key ingredient in the proof is a Cartan-type splitting lemma; for
a simple proof see [20, Lemma 3.2].
Proposition 4.4. (Gluing sprays) Let (D0,D1) be a Cartan pair of class C
ℓ
(ℓ ≥ 2) in a Stein manifold S (Def. 4.3). Set D = D0∪D1, D0,1 = D0∩D1.
Let X be a complex manifold. Given integers r ∈ {0, 1, . . . , ℓ}, k ∈ Z+, and
a spray f : D¯0×P0 → X of class A
r(D0) with the exceptional set σ of order
k such that σ ∩ D¯0,1 = ∅, there is an open set P ⋐ P0 containing 0 ∈ C
n
satisfying the following.
For every spray f ′ : D¯1 × P0 → X of class A
r(D1), with the exceptional
set σ′ of order k, such that f ′ is sufficiently Cr-close to f on D¯0,1 × P0 and
σ′ ∩ D¯0,1 = ∅, there exists a spray g : D¯ × P → X of class A
r(D), with the
exceptional set σ ∪ σ′ of order k, enjoying the following properties:
(i) the restriction g : D¯0 × P → X is close to f : D¯0 × P → X in the
Cr-topology (depending on the Cr-distance of f and f ′ on D¯0,1×P0),
(ii) the core map g0 = g(· , 0) is homotopic to f0 = f(· , 0) on D¯0, and
g0 is homotopic to f
′
0 = f
′(· , 0) on D¯1, and
(iii) g0 agrees with f0 up to order k on σ, and it agrees with f
′
0 up to
order k on σ′.
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Remark 4.5. It follows from the proof in [14] that, in addition to the above,
we have g(z, t) ∈ {f ′(z, s) : s ∈ P0} for each z ∈ D¯1 and t ∈ P . 
5. Proof of Theorem 1.1
The scheme of proof is exactly as in [14, proof of Theorem 1.1]. A holo-
morphic map f : D → X satisfying the conclusion of Theorem 1.1 is obtained
as a locally uniform limit f = limj→∞ fj in D of a sequence of continuous
maps fj : D¯ → X that are holomorphic in D. At every step of the inductive
construction we obtain the next map fj+1 from fj by first lifting a part of
the boundary fj(bD), lying in a local chart of X, to higher levels of ρ, while
at the same time taking care not to drop the boundary substantially lower
with respect to ρ. The local modification, provided by Lemma 5.3, uses
special holomorphic peak functions; its proof relies on the work of A. Dor
[12]. To pass a critical level of ρ we use methods developed in §3 above.
For technical reasons we work with sprays of maps (see §4). This allows
us to patch any local modification, furnished by Lemma 5.3, with the given
global map D¯ → X by appealing to Proposition 4.4 above. When talking
of sprays, we adopt the following convention:
All sprays in this section are assumed to be of class A0(D), and (unless
otherwise specified) their exceptional set σ of order k equals the finite set σ
from Theorem 1.1. We shall accordingly omit the phrases ‘of class A0(D)’
and ‘with exceptional set σ of order k’ when there is no ambiguity.
In the lifting process we have to consider two cases: The first is to lift
the boundary of D across noncritical levels of ρ, and the second is crossing
a critical level set of ρ. We reduce the second case to the first one by using
Lemma 3.1 (see Lemma 5.5 below).
For maps from strongly pseudoconvex domains to a Euclidean space, rel-
evant lifting techniques using holomorphic peak functions have been devel-
oped by several authors. The following result was proved by A. Dor (see
[12, Lemma 1]; here we use Dor’s original notation). The term ‘normalized-
3’ indicates that the complex Hessian is globally bounded from below with
factor 3, that is, Lρ(x; v) ≥ 3|v|
2. Since we do not wish to normalize our
exhaustion function, we shall need one additional constant (denoted µ0 in
Lemma 5.2 below) in the corresponding estimates.
Lemma 5.1. (A. Dor, [12, Lemma 1]) Assume that N ≥ 2 and M ≥ N +1
are integers, Ω is a domain in CM , ρ : Ω → R is a smooth normalized-3
plurisubharmonic function (Lρ(x; v) ≥ 3|v|
2), D ⋐ CN is a strongly pseu-
doconvex domain with smooth boundary, and z0 ∈ bD. Let K1 ⊂ Ω be a
compact subset such that dρ 6= 0 on K1. Then there exist
• a constant ǫ0 ∈ (0, 1) that depends only on N and on the domain D,
• constants γ0 ∈ (0, 1) and C > 1 that depend only on K1, ρ and Ω,
and
• a neighborhood U ⊂ bD of z0 that depends only on z0 and D,
STRONGLY PSEUDOCONVEX DOMAINS AS SUBVARIETIES 15
such that the following hold. Given a smooth map f : D¯ → Ω that is holo-
morphic on D, a compact subset K ⊂ D, a number ǫ > 0, and a continuous
map γ : bD → (0, γ0], there is a smooth map g : D¯ → C
M that is holomorphic
on D and enjoys the following properties:
(i) f(z) + g(z) ∈ Ω for z ∈ D¯,
(ii) C|g(z)|2 + ǫ > ρ((f + g)(z)) − ρ(f(z)) > |g(z)|2 − ǫ for z ∈ D¯,
(iii) |g(z)| > ǫ0γ(z) for z ∈ U ∩ f
−1(K1),
(iv) |g(z)| < ǫ−10 γ(z) for z ∈ bD, and
(v) |g(z)| < ǫ for z ∈ K.
Although Dor stated this result only for strongly plurisubharmonic func-
tions ρ, in the final pages of his paper he also proved it for q-convex func-
tions with q ≤M −N ; he called such functions ‘locally (N +1)-dimensional
plurisubharmonic’. The proof in [12] is split into three parts. In the first
part the author chooses a good system of peak functions near z0 and obtains
a constant ǫ0 > 0 that depends only on the geometry of the boundary bD
near the chosen point z0 ∈ bD, but is independent of the target domain X
and of the function ρ. In the second step he constructs a local correction
map that is defined in a neighborhood U of z0 and enjoys the stated proper-
ties on U . In the last step this local map is patched with the original global
map by solving a ∂¯-equation on D¯.
Since in our case X is a manifold (and not a Euclidean space as in [12]),
we perform Dor’s corrections on small pieces of D¯ near the boundary of
bD that are mapped to local charts of X, and then glue these corrections
with the initial spray by the methods explained in §4. So we only need the
following local version of Lemma 5.1 (before globalization). We adjust the
notation to the one used in the remainder of this section, writing p instead
of z0, ǫp instead of ǫ0, and g instead of f+g. We emphasize that Lemma 5.2
is what Dor actually proved in [12], and hence it does not require a proof.
b
p
D
D1
Up Vp
C
Figure 3. The sets in Lemma 5.2
Lemma 5.2. Let d ≥ 2, n ≥ d + 1, and q ≤ n − d be integers. Assume
that ω is a domain in Cn, ρ : ω → R is a smooth q-convex function, Kω is
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a compact subset of ω such that dρ 6= 0 on Kω, D ⋐ C
d is a domain with
smooth boundary, and p ∈ bD is a strongly pseudoconvex boundary point of
D. Then there exist
(a) small balls Vp ⋐ Up in C
d such that p ∈ Vp,
(b) a constant ǫp ∈ (0, 1) depending only on Up ∩ bD,
(c) a constant µ0 > 0 depending only on ρ and Kω, and
(d) a constant γ0 ∈ (0, 1) depending on Up ∩ bD, ρ and Kω,
such that the following hold. Given an open subset D1 ⊂ Up ∩D, an open
subset C of bD contained in Vp such that distCd(C, bD1\bD) > 0, a smooth
map f : D¯1 → ω that is holomorphic on D1, a number ǫ > 0, and a contin-
uous map γ : bD ∩ bD1 → (0, γ0], there is a smooth map g : D¯1 → ω that is
holomorphic on D1 and enjoys the following properties:
(i) ρ(g(z)) − ρ(f(z)) > µ0|g(z) − f(z)|
2 − ǫ for z ∈ D¯1,
(ii) |g(z) − f(z)| > ǫpγ(z) for z ∈ C ∩ f
−1(Kω),
(iii) |g(z) − f(z)| < ǫ−1p γ(z) for z ∈ bD ∩ bD1, and
(iv) |g(z) − f(z)| < ǫ for points z ∈ D¯1 such that distCd(z, C) > ǫ.
The main sets in Lemma 5.2 are illustrated on Figure 3, with C shown
as the dashed arc on bD ∩ bD1.
Using Lemma 5.2 we now prove our main modification lemma for the
noncritical case. Note that f0 always denotes the core map of a spray f .
Lemma 5.3. Let d ≥ 2, n ≥ d + 1 and k ≥ 0 be integers. Assume that X
is an n-dimensional complex manifold endowed with a complete metric dist,
Ω is an open subset of X, and ρ : Ω→ R is a smooth function such that for
a pair of real numbers c1 < c2 the set
Ωc1,c2 = {x ∈ Ω: c1 ≤ ρ(x) ≤ c2}
is compact, dρ 6= 0 on Ωc1,c2, and the Levi form Lρ of ρ has at least d + 1
positive eigenvalues at every point of Ωc1,c2.
Let D ⋐ S be a smoothly bounded, strongly pseudoconvex domain in a
Stein manifold S of dimension d and let σ be a finite set of points in D.
Choose real numbers c′1, c
′
2 such that c1 < c
′
1 < c
′
2 < c2. Then there is a
number δ > 0 with the following property. Given a number c ∈ [c′1, c
′
2],
a compact set KD ⊂ D, and a spray of maps f : D¯ × P → X with the
exceptional set σ of order k such that
f0(z) ∈ Ω (∀z ∈ D\KD), ρ(f0(z)) > c− δ (∀z ∈ bD),
there exist for each ǫ > 0 an open set P0 ⋐ P containing the origin and a
spray g : D¯ × P0 → X with the exceptional set σ of order k such that
(i) g0(z) ∈ Ω and ρ(g0(z)) > c+ δ for z ∈ bD,
(ii) g0(z) ∈ Ω and ρ(g0(z)) > ρ(f0(z)) − ǫ for z ∈ D\KD,
(iii) dist(f0(z), g0(z)) < ǫ for z ∈ KD, and
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(iv) the maps f0 and g0 have the same k-jets at every point in σ, and g0
is homotopic to f0 relative to σ.
Proof. We first explain the main idea. Lemma 5.2 provides a local step
on both sides — locally with respect to the boundary bD, and locally on
the level set of ρ in X. In every step of the inductive construction we lift
the part of the image of the boundary bD that lies in a small coordinate
neighborhood to higher levels of the exhaustion function ρ (see Sublemma
5.4). In finitely many such steps we push the image of the boundary outside
a certain bigger sublevel set of ρ. Each step in the construction consists
of finitely many substeps, and at each substep we only make corrections
on the part of the boundary lying in a suitable coordinate neighborhood in
S. Sprays are used at every substep to patch the local correction with the
previous global map.
Now to the details. Let Bn denote the open unit ball in Cn, and let sBn
denote the ball of radius s > 0. Fix a number c ∈ [c′1, c
′
2]. We shall find a
number δ > 0 satisfying the conclusion of Lemma 5.3 for this value of c. It
will be clear from the construction that δ can be chosen uniformly for all c′
sufficiently close to c, and hence (by compactness) for all c ∈ [c′1, c
′
2].
Since the level set {ρ = c} is compact, there are finitely many holomorphic
coordinate maps hi :
5
4B
n → X (i = 1, . . . , N) such that
{ρ = c} ⊂
N⋃
i=1
hi(
1
4B
n) ⊂
N⋃
i=1
hi(
5
4B
n) ⊂ Ωc1,c2 .
For each point p ∈ bD one can choose local holomorphic coordinates in S,
and in this coordinate patch we obtain the sets Up, Vp and a constant ǫp as in
Lemma 5.2 (parts (a) and (b)). Choose open coverings {Vj}
M
j=1 and {Uj}
M
j=1
of bD such that each pair Vj ⋐ Uj corresponds to Vpj ⋐ Upj for some point
pj ∈ bD, and Uj ∩ σ = ∅ for each j. We also obtain the corresponding
numbers ǫj = ǫpj > 0.
Let ǫ0 = min{ǫ1, . . . , ǫM} > 0. Using Lemma 5.2 (parts (c) and (d))
for the data D¯ ∩ Uj (in the local coordinates), ω =
5
4B
n, Kω = B
n
, and
with ρ replaced by the function ρ ◦ hi, we also obtain constants γ
j
i and µ
j
i
for i = 1, . . . , N and j = 1, . . . ,M (these correspond to γ0, resp. to µ0, in
Lemma 5.2). Choose constants α > 0 and β > 0 such that the following
hold for i = 1, . . . , N :
w,w′ ∈ B
n
=⇒ dist(hi(w), hi(w
′)) ≤ α|w − w′|,(5.1) (
x ∈ hi(
7
8B
n), x′ ∈ X, dist(x, x′) < Mβ
)
=⇒(5.2) (
x′ ∈ hi(B
n), |h−1i (x)− h
−1
i (x
′)| < 18N
)
.
Set
(5.3) γ = min{γji ,
ǫ0β
3α } > 0, µ = min{µ
j
i} > 0,
18 BARBARA DRINOVEC DRNOVSˇEK & FRANC FORSTNERICˇ
the minima being taken over all indices i = 1, . . . , N and j = 1, . . . ,M .
(This choice of γ insures that our correction is small compared to the size
of ω.) Finally, we choose a number δ such that
(5.4) 0 < δ < 13µǫ
2
0γ
2, Ωc−δ,c+2δ ⊂
N⋃
i=1
hi
(
1
4B
n
)
.
We shall prove that this δ satisfies Lemma 5.3. We need the following
Sublemma 5.4. Fix an index i ∈ {1, 2, . . . , N}. Given a spray of maps
f ′ : D¯×P → X, with the exceptional set σ of order k and such that f ′0(z) ∈ Ω
for z ∈ D\KD, there exist for each ǫ
′ > 0 an open set P ′ ⋐ P containing
the origin and a spray of maps g′ : D¯ × P ′ → X with the exceptional set σ
of order k such that g′0(z) ∈ Ω for z ∈ D\KD and the following hold:
(i’) ρ(g′0(z)) > ρ(f
′
0(z)) + 3δ − ǫ
′ for z ∈ bD such that f ′0(z) ∈ hi(
1
2B
n),
(ii’) ρ(g′0(z)) > ρ(f
′
0(z)) − ǫ
′ for z ∈ D\KD,
(iii’) dist(f ′0(z), g
′
0(z)) < Mβ for z ∈ D¯,
(iv’) dist(f ′0(z), g
′
0(z)) < ǫ
′ for z ∈ KD, and
(v’) the maps f ′0 and g
′
0 have the same k-jets at every point in σ.
Proof. Let f0 = f ′ and P 0 = P . Recall that bD ⊂
⋃M
j=1 Vj . We inductively
construct a finite decreasing sequence of parameter sets P 0 ⊃ P 1 ⊃ · · · ⊃
PM , with 0 ∈ P j+1 ⋐ P j for j = 0, . . . ,M − 1, and a sequence of sprays
f j : D¯×P j → X with the exceptional set σ of order k such that the following
hold for j = 0, 1, . . . ,M − 1:
(i†) ρ(f j+10 (z)) > ρ(f
j
0 (z)) + 3δ −
ǫ′
M
for every point z ∈ bD ∩ Vj+1 such
that f j0 (z) ∈ hi(
3
4B
n),
(ii†) ρ(f j+10 (z)) > ρ(f
j
0 (z)) −
ǫ′
M
for z ∈ D\KD,
(iii†) dist
(
f j+10 (z), f
j
0 (z)
)
< β for z ∈ D¯,
(iv†) dist
(
f j+10 (z), f
j
0 (z)
)
< ǫ
′
M
for z ∈ KD, and
(v†) the maps f j+10 and f
j
0 have the same k-jets at every point in σ.
Assume for a moment that we have already constructed the sequences P j
and f j. Let P ′ = PM and g′ = fM . Using (ii†)–(v†) repeatedly M times we
see that properties (ii’)–(v’) in Sublemma 5.4 hold. To see that (i’) holds,
fix a point z ∈ bD such that f00 (z) ∈ hi(
1
2B
n). Choose an index j such that
z ∈ Vj . By (iii
†) and (5.2) it follows that f j−10 (z) ∈ hi(
3
4B
n), and thus (i†)
gives ρ(f j0 (z)) > ρ(f
j−1
0 (z)) + 3δ −
ǫ′
M
. Using (ii†) repeatedly this implies
ρ(g′0(z)) > ρ(f
′
0(z)) + 3δ − ǫ
′. Therefore g′ enjoys all required properties.
It remains to construct the sequences P j and f j. Assume inductively
that we have already constructed P 0, . . . , P j and f0, . . . , f j for some j ∈
{0, 1, . . . ,M − 1}; we now explain how to find P j+1 and f j+1. Set
C = bD ∩ Vj+1 ∩ (f
j
0 )
−1(hi(
13
16B
n)).
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Observe that the open set D ∩ Vj+1 ∩
(
f j0
)−1 (
hi
(
13
16B
n
))
is pseudoconvex,
contained in Uj+1∩
(
f j0
)−1 (
hi
(
7
8B
n
))
⊂ Uj+1∩D¯, and has positive distance
to D¯\
(
Uj+1 ∩
(
f j0
)−1 (
hi
(
7
8B
n
)))
. Hence there is a smoothly bounded,
strongly pseudoconvex domain D1 contained in D such that
Vj+1 ∩
(
f j0
)−1 (
hi
(
13
16B
n
))
⊂ D¯1 ⊂ Uj+1 ∩
(
f j0
)−1 (
hi
(
7
8B
n
))
and
distCd(C, bD1\bD) > 0.
The situation is as shown in Figure 3, with Up replaced by Uj+1 and Vp
replaced by Vj+1.
Choose a smoothly bounded, strongly pseudoconvex domain D0 ⊂ D,
obtained by denting D slightly inward in a neighborhood of C, such that
D\D0 ⊂ Uj+1, bD0 ∩ C = ∅, and (D0,D1) is a Cartan pair such that
D0 ∪D1 = D (see Definition 4.3). Set
Ai,j(z, t) = h
−1
i ◦ f
j(z, t) − h−1i ◦ f
j(z, 0).
There exists a smaller parameter set 0 ∈ P j0 ⊂ P
j such that for w ∈ 1516B
n,
z ∈ D¯1 and t ∈ P
j
0 the following hold:
|Ai,j(z, t)| <
1
16 ,(5.5)
|ρ(hi(w)) − ρ
(
hi(w +Ai,j(z, t))
)
| < ǫ
′
3M ,(5.6)
dist
(
hi(w), hi(w +Ai,j(z, t))
)
< β3 .(5.7)
Applying Lemma 5.2 to the map h−1i ◦ f
j
0 on D¯1, the constant function
γ(z) = γ (with γ as in (5.3)), and a number ǫ > 0 (to be specified later), we
obtain a map g : D¯1 → C
n enjoying the following properties:
ρ(hi(g(z))) > ρ(f
j
0 (z)) + µ|h
−1
i ◦ f
j
0(z) − g(z)|
2 − ǫ for z ∈ D¯1,(5.8)
|h−1i ◦ f
j
0 (z)− g(z)| > ǫ0γ for z ∈ C,(5.9)
|h−1i ◦ f
j
0 (z)− g(z)| < ǫ
−1
0 γ for z ∈ bD1 ∩ bD, and(5.10)
|h−1i ◦ f
j
0 (z)− g(z)| < ǫ for z ∈ D¯1 such that distCd(z, C) > ǫ.(5.11)
If ǫ < min{ γ
ǫ0
,distCd(C, bD1\bD)} then (5.10), (5.11) and the maximum
principle imply that |h−1i ◦ f
j
0 (z)− g(z)| <
γ
ǫ0
for z ∈ D¯1. By (5.1) we get
dist
(
hi(g(z)), f
j
0 (z)
)
< β3 for z ∈ D¯1.
By (5.2) and (5.7) this allows us to define a spray f ′ : D¯1 × P
j
0 → X (with
empty exceptional set) by setting
f ′(z, t) = hi
(
g(z) +Ai,j(z, t)
)
for z ∈ D¯1, t ∈ P
j
0 .
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If ǫ < ǫ
′
3M then it follows from (5.6), (5.8), (5.9) and the definition of δ that
ρ(f ′(z, t)) > ρ(f j0 (z)) + 3δ −
2ǫ′
3M for z ∈ C,(5.12)
ρ(f ′(z, t)) > ρ(f j0 (z))−
2ǫ′
3M for z ∈ D¯1.(5.13)
If ǫ > 0 is small enough then for every z ∈ D0 ∩D1 we have distCd(z, C) > ǫ,
and the properties (5.11) and (5.1) imply that
dist
(
f ′(z, t), f j(z, t)
)
≤ αǫ for (z, t) ∈ D0 ∩D1 × P
j
0 .
Finally, if ǫ > 0 is small enough then we can glue the sprays f j and f ′ by
Proposition 4.4. This gives a smaller parameter set 0 ∈ P j+1 ⊂ P j0 and a
new spray f j+1 : D¯× P j+1 → X whose restriction f j+1 : D¯0 × P
j+1 → X is
as close as desired to the spray f j : D¯0×P
j+1 → X in the C0-topology, and
the range of f j+1 over D1 is contained in the range of the spray f
′. The
good approximation of f j by f j+1 over D0 and properties (5.12) and (5.13)
ensure that properties (i†)–(v†) hold. 
We now conclude the proof of Lemma 5.3. Let ǫ′ = min{ ǫ
N
, δ
N
}, f0 = f
and P 0 = P . We construct a decreasing sequence of open parameter sets
P 0 ⊃ P 1 ⊃ · · · ⊃ PN , with 0 ∈ P j ⋐ P j−1 for j = 1, . . . , N , and a sequence
of sprays f j : D¯ × P j → X with the exceptional set σ of order k such that
the following hold for j = 1, . . . , N :
(i”) ρ(f j0 (z)) > ρ(f
j−1
0 (z))+3δ− ǫ
′ when z ∈ bD and f j−10 (z) ∈ hj(
1
2B
n),
(ii”) ρ(f j0 (z)) > ρ(f
j−1
0 (z)) − ǫ
′ for z ∈ D\KD,
(iii”) if z ∈ bD and f0(z) ∈ hi
(
1
4B
n
)
for some i ∈ {1, 2, . . . , N} then
f j0 (z) ∈ hi
(
(14 +
j
4N )B
n
)
,
(iv”) dist
(
f j0 (z), f
j−1
0 (z)
)
< ǫ
N
for z ∈ KD, and
(v”) the maps f j0 and f
j−1
0 have the same k-jets at every point in σ.
Assume inductively that we have already constructed f0, . . . , f j−1 and
P 0, . . . , P j−1 for some j ∈ {1, . . . , N}. We use Sublemma 5.4 for f ′ = f j−1
to obtain the next spray f j = g′ : D¯×P j → X. Properties (i’), (ii’), (iv’) and
(v’) in the Sublemma imply the corresponding properties (i”), (ii”), (iv”)
and (v”) above. Property (iii”) follows from (iii’) and (5.2). This completes
the induction step and hence gives the desired sequences.
We now show that Lemma 5.3 holds for the parameter set P0 = P
N
and the spray g = fN : D¯ × PN → X. The properties (ii)–(iv) follow
easily from the inductive construction above. To prove (i), choose a point
z ∈ bD. By (5.4) we either have ρ(f0(z)) > c + 2δ (and in this case the
property (ii”) implies that ρ(g0(z)) > c+δ), or else f0(z) ∈ hi(
1
4B
n) for some
i ∈ {1, . . . , N}. In the latter case we get by (iii”) that f i−10 (z) ∈ hi(
1
2B
n),
and therefore property (i”) implies ρ(f i0(z)) > ρ(f
i−1
0 (z)) + 3δ − ǫ
′. Using
this together with (ii”) and ρ(f0(z)) > c− δ we obtain
ρ(g0(z)) ≥ ρ(f0(z)) + 3δ −Nǫ
′ ≥ ρ(f0(z)) + 2δ > c+ δ.
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This proves Lemma 5.3. 
Using Lemma 5.3 we now prove the following result that provides the
lifting construction in the proof of Theorem 1.1.
Lemma 5.5. Let X, K, Ω, ρ, r, and D ⋐ S be as in Theorem 1.1. Choose
a complete metric dist on X inducing the manifold topology. Let P be an
open set in Cm containing the origin, and let 0 < M1 < M2. Assume that
f : D¯×P → X is a spray of maps with the exceptional set σ of order k and
U ⋐ D is an open subset such that f0(D¯\U) ⊂ {x ∈ Ω: ρ(x) > M1}. Given
ǫ > 0, there exist a domain P ′ ⊂ P containing 0 ∈ Cm and a spray of maps
g : D¯×P ′ → X with the exceptional set σ of order k enjoying the following:
(i) g0(z) ∈ {x ∈ Ω: ρ(x) > M2} for z ∈ bD,
(ii) g0(z) ∈ {x ∈ Ω: ρ(x) > M1} for z ∈ D¯\U ,
(iii) dist(g0(z), f0(z)) < ǫ for z ∈ U ,
(iv) f0 and g0 have the same k-jets at each of the points in σ, and
(v) g0 is homotopic to f0 relative to σ.
Proof. After a small change of M1 and M2 we may assume that these are
regular values of ρ. By a finite subdivision of [M1,M2] it suffices to consider
the following two cases:
Case 1: ρ has no critical values on [M1,M2]. In this noncritical case we
obtain g by applying Lemma 5.3 finitely many times.
Case 2: ρ has exactly one critical point p in {x ∈ Ω: M1 ≤ ρ(x) ≤ M2}
(the critical case).
In Case 2 we follow [14, proof of Theorem 1.1, §6]. We have M1 <
ρ(p) < M2. Choose c0 > 0 so small that M1 + 3c0 < ρ(p) < M2 − 3c0 and
f0(z) ∈ {x ∈ Ω: ρ(x) > M1 + 3c0} for all z ∈ D¯\U . Set
Kc0 = {x ∈ Ω: ρ(p)− c0 ≤ ρ(x) ≤ ρ(p) + 3c0}.
Lemma 3.1 furnishes a constant t0 ∈ (0, c0), a smooth function
τ : {x ∈ Ω: ρ(x) ≤ ρ(p) + 3c0} → R,
and an embedded disc E ⊂ Ω of dimension equal to the Morse index of ρ at
p, enjoying the following:
(a) {ρ ≤ ρ(p)− c0} ∪ E ⊂ {τ ≤ 0} ⊂ {ρ ≤ ρ(p)− t0} ∪ E,
(b) {ρ ≤ ρ(p) + c0} ⊂ {τ ≤ 2c0} ⊂ {ρ < ρ(p) + 3c0},
(c) τ is q-convex at every point of Kc0 , and
(d) τ has no critical values in (0, 3c0) ⊂ R.
Applying Lemma 5.3 finitely many times we get a spray f˜ : D¯ × P˜ → X
with exceptional set σ of order k having the following properties:
(i’) f˜0(z) ∈ {x ∈ Ω: ρ(x) > ρ(p)− t0} for z ∈ bD,
(ii’) f˜0(z) ∈ {x ∈ Ω: ρ(x) > M1 + 2c0} for z ∈ D¯\U ,
(iii’) dist(f˜0(z), f0(z)) <
ǫ
3 for z ∈ U , and
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(iv’) f0 and f˜0 have the same k-jets at each of the points in σ.
For the parameter values t ∈ P˜ sufficiently close to t = 0 we also have
f˜t(bD) ⊂ {x ∈ Ω: ρ(x) > ρ(p) − t0} by (i’). Since dimRE ≤ 2n − 2d and
dimR bD = 2d−1, Sard’s lemma gives a t
′ ∈ P˜ arbitrarily close to the origin
such that f˜t′(bD) ∩E = ∅. By a translation in the t-variable we can choose
f˜t′ as the new central map; the new spray (still denoted f˜) then enjoys the
following properties for all t sufficiently near 0:
(i”) f˜t(z) ∈ {x ∈ Ω: ρ(x) > ρ(p)− t0}\E for z ∈ bD,
(ii”) f˜t(z) ∈ {x ∈ X : ρ(x) > M1 + c0} for z ∈ D¯\U ,
(iii”) dist(f˜t(z), f0(z)) <
2ǫ
3 for z ∈ U , and
(iv”) f0 and f˜t have the same k-jets at each of the points in σ.
Since {τ ≤ 0} ⊂ {ρ ≤ ρ(p) − t0} ∪ E by property (a), (i”) ensures that
τ > 0 on f˜t(bD). Since τ has no critical values on (0, 3c0) by property (d),
we can use the noncritical case (Case 1 above), with τ instead of ρ, to push
the boundary of the central map into the set {τ > 2c0}. As {ρ ≤ ρ(p)+c0} ⊂
{τ ≤ 2c0} by property (b), the image of bD now lies in {ρ > ρ(p) + c0}.
We have thus crossed the critical level {ρ = ρ(p)} and may continue with
the noncritical case procedure, applied again with the function ρ. In a finite
number of steps we obtain a spray g with the required properties. 
Proof of Theorem 1.1. We follow [14, proof of Theorem 1.1], using Lemma
5.5 instead of [14, Proposition 6.3]. We begin by embedding the initial map
f0 : D¯ → X into a spray of maps f = f
0 : D¯ × P → X (Definition 4.1 and
Lemma 4.2) such that f(· , 0) = f0 and f(bD × P ) ⊂ Ω. By inductively
applying Lemma 5.5 we obtain a sequence of sprays f j : D¯ × Pj → X (j =
1, 2, . . .) with decreasing parameter sets Cm ⊃ P = P0 ⊃ P1 ⊃ P2 ⊃ · · ·
containing the origin 0 ∈ Cm such that the maps f j0 = f
j(· , 0): D¯ → X
converge uniformly on compacts in D to a holomorphic map f : D → X
satisfying the conclusion of Theorem 1.1. 
6. Positivity and convexity of holomorphic vector bundles
In this section we recall the notions of positivity and signature of a Her-
mitian holomorphic vector bundle (Griffiths [29, 30]) and its connection with
the Levi convexity properties of the squared norm function.
Let π : E → M be a holomorphic Hermitian vector bundle with fiber Cr
over a complex manifold M of dimension m. We identify M with the zero
section of E. The metric on E is given in a local frame (e1, · · · , er) by a
Hermitian matrix function h = (hρσ) with
hρσ(x) = 〈eσ(x), eρ(x)〉, ρ, σ = 1, . . . , r.
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The Chern connection matrix θ and the Chern curvature form Θ are given
in any local holomorphic frame by
θ = h−1∂h, Θ = ∂¯ θ = −h−1∂∂¯h+ h−1∂h ∧ h−1∂¯h.
(See [8, Chapter 5] or [53, Chapter III].) For a line bundle (r = 1) with the
metric h = e−ψ the above equal
θ = h−1∂h = ∂ log h = −∂ ψ, Θ = −∂∂¯ log h = −∂¯∂ ψ = ∂∂¯ ψ.
In local holomorphic coordinates z = (z1, . . . , zm) on M we have
Θ =
∑
ρ,σ=1,...,r
i,j=1,...,m
Θρσije
∗
σ ⊗ eρ· dz
i ∧ dz¯j .
For any point x0 ∈M there exists a local holomorphic frame (e1, . . . , er)
which is special at x0, in the sense that the associated matrix h satisfies
h(x0) = I and dh(x0) = 0 (see [30, p. 195]). In this case we get
(6.1)
θ(x0) = 0, Θ(x0) = −∂∂¯h(x0), Θσρij(x0) = Θ
ρ
σji(x0) = −
∂2hρσ
∂zi∂z¯j
(x0).
To each vector e =
∑r
ρ=1 ξ
ρeρ(x0) ∈ Ex0 we associate the (1, 1)-covector
Θ{e} =
i
2
〈Θ e, e〉 =
i
2
∑
ρ,σ=1,...,r
i,j=1,...,m
Θρσij(x0)ξ
σ ξ¯ρ dzi ∧ dz¯j .
Its coefficients Aij(x0, ξ) =
∑
ρ,σ=1,...,rΘ
ρ
σij(x0)ξ
σ ξ¯ρ form a Hermitian ma-
trix. Denote by s(e) (resp. t(e)) the number of positive (resp. negative)
eigenvalues of Θ{e}; that is, (s(e), t(e)) is the signature of the Hermitian
quadratic form
(6.2) Cm ∋ η →
∑
i,j
Aij(x0, ξ)η
iη¯j =
∑
ρ,σ=1,...,r
i,j=1,...,m
Θρσij(x0)ξ
σ ξ¯ρηiη¯j .
The numbers s(e), t(e) only depend on the Hermitian metric on E, and not
on the particular choices of coordinates and frames. The following notions
are due to Griffiths [28, 29, 30]; see also [1] and [8, Chapter 7].
Definition 6.1. The pair of numbers (s(e), t(e)) defined above is the sig-
nature of the Hermitian holomorphic vector bundle E → M at the point
e ∈ E\M . The signature of E is (s, t) where
s = min{s(e) : e ∈ E\M}, t = min{t(e) : e ∈ E\M}.
E is of pure signature (s, t) is s = s(e) and t = t(e) for all e ∈ E\M ; it is
positive (resp. negative) if it has pure signature (m, 0) (resp. (0,m)).
Let φ : E → R+ denote the function φ(e) = ||e||
2. For c ∈ (0,∞) set
Wc = {e ∈ E : φ(e) < c}, Σc = bWc = {e ∈ E : φ(e) = c}.
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The following explains the connection between the curvature properties of
a Hermitian metric and the Levi convexity properties of φ. (See Andreotti
and Grauert [1, §23] and Griffiths [29, p. 426].)
Proposition 6.2. Let π : E →M be a Hermitian holomorphic vector bundle
with fiber Cr over an m-dimensional complex manifold M . Set n = m+ r =
dimE. Then the following hold:
(i) If E has signature (s, t) at a point e ∈ E\M then the Levi form of the
hypersurface Σφ(e) has signature (t+ r− 1, s) at e from the side {φ < φ(e)}.
(ii) If E has signature (s, t) then the Levi form of φ has signature (t+r, s)
(and hence φ is (m − t + 1)-convex) on E\M , and the Levi form of 1
φ
has
signature (s+ 1, t+ r − 1) (and hence 1
φ
is (n− s)-convex) on E\M .
(iii) In particular, if E is positive then 1
φ
is r-convex on E\M , and if E
is negative then φ is strongly plurisubharmonic on E\M .
Proof. Fix e0 ∈ E\M and let Σ = Σφ(e0). Choose local holomorphic co-
ordinates z = (z1, . . . , zm) at x0 = π(e0) and a local holomorphic frame
(eρ) that is special at x0. Then e =
∑r
σ=1 ξ
σeσ , e0 =
∑r
ρ=1 ξ
ρ
0eρ(x0), and
φ(e) =
∑r
ρ,σ=1 hρσξ
σ ξ¯ρ. Using (6.1), a simple calculation [29, p. 426] gives
∂∂¯φ(e0) = ∂ξ∂¯ξ
∣∣
ξ=ξ0
r∑
ρ=1
ξρξ¯ρ +
∑
ρ,σ=1,...,r
∂z∂¯zhρσ(x0)ξ
σ ξ¯ρ
=
r∑
ρ=1
dξρ ∧ dξ¯ρ −
∑
ρ,σ=1,...,r
i,j=1,...,m
Θρσij(x0)ξ
σ ξ¯ρdzi ∧ dz¯j
=
r∑
ρ=1
dξρ ∧ dξ¯ρ −
∑
i,j=1,...,m
Aij(x0, ξ) dz
i ∧ dz¯j .
The maximal complex tangent space to Σ at e0 consists of the vectors γ =
(ζ1, . . . , ζr; η1, . . . , ηm) with
∑r
ρ=1 ξ
ρ
0 ζ¯
ρ = 0. In the ζ-direction (tangential
to Ex0) we thus get r − 1 positive Levi eigenvalues for Σ; in the η-direction
(the horizontal direction in Te0E with respect to the Chern connection) we
get s(e0) negative and t(e0) positive eigenvalues. Hence the Levi signature
of Σ at e0 is (t(e0)+ r− 1, s(e0)). The remaining Levi eigenvalue of φ in the
radial direction is positive. All claims follow immediately. 
7. Subvarieties in complements of submanifolds
In this section we combine our analytic techniques with the differential
geometric information from §6 to study the existence of subvarieties as in
Theorem 1.1 in total spaces of Hermitian holomorphic vector bundles, and
in complements of certain compact complex submanifolds.
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Theorem 7.1. Let E → M be a holomorphic vector bundle with fiber Cr
over a compact m-dimensional complex manifold M . Set n = m+r = dimE
and identify M with the zero section of E. Assume that D ⋐ S is a smoothly
bounded, strongly pseudoconvex domain in a d-dimensional Stein manifold
S and f0 : D¯ → E is a continuous map that is holomorphic in D and such
that f0(bD) ⊂ E\M . Then the following hold:
(i) If E admits a Hermitian metric with signature (s, t) and d < t+r, then
f0 can be approximated uniformly on compacts in D by proper holomorphic
maps f : D → E such that f−10 (M) = f
−1(M). In particular, if E is positive
then this holds when d < r = rankE, and if E is negative then it holds when
d < n = dimE.
(ii) If E admits a Hermitian metric with signature (s, t) with d ≤ s, then
f0 can be approximated uniformly on compacts in D by holomorphic maps
f : D → E such that f−10 (M) = f
−1(M) and the cluster set of f at bD
belongs to the zero section M . In particular, if E is positive then the above
holds when d ≤ m = dimM .
Recall that the cluster set of a map f : D → E at bD is the set of all
sequential limits limj→∞ f(pj) ∈ E along sequences {pj} ⊂ D without ac-
cumulation points in D (therefore tending to bD).
Proof. Part (i) follows from Theorem 1.1 and Proposition 6.2 (i), applied to
X = E, ρ = φ and Ω = E\M . (Note that φ is noncritical on E\M .) To
ensure that f−10 (M) = f
−1(M), it suffices to construct f such that it agrees
with f0 to sufficiently high order at the finite set of points in f
−1
0 (M) ⊂ D.
(If d > r then f0(bD)∩M = ∅ implies f0(D)∩M = ∅ since the analytic set
f−10 (M) ⊂ D, if nonempty, would have positive dimension.)
To prove Part (ii), choose c > 0 such that f0(D¯) ⊂ Wc = {φ < c} and
apply Theorem 1.1 with Ω =Wc\M and ρ =
1
φ
− 1
c
. 
The situation in Theorem 7.1 is a special case of the following one.
Theorem 7.2. Let A be a compact complex submanifold in a complex man-
ifold X whose normal bundle NA|X has signature (s, t) with respect to some
Hermitian metric. There is an open tubular neighborhood V ⊂ X of A
with the following property. If D is a relatively compact, smoothly bounded,
strongly pseudoconvex domain in a Stein manifold with dimD ≤ s, z0 is a
point in D and f0 : D¯ → X is a continuous map that is holomorphic in D and
such that f0(bD) ⊂ V \A, then f0 can be approximated uniformly on D by
holomorphic maps f : D → X such that f−1(A) = f−10 (A), f(z0) = f0(z0),
and the cluster set of f at bD belong to A. If NA|X is positive then the above
holds when dimD ≤ dimA.
Proof. Schneider proved in [49] that there exist a neighborhood V ⊂ X of
A and a smooth function ρ : V \A → R that tends to +∞ at A, and whose
Levi form Lρ has at least s + 1 positive eigenvalues at every point of V \A.
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We recall Schneider’s construction to see that his function is also noncritical
on a deleted tubular neighborhood of A. Once this is clear, it remains to
apply Theorem 1.1.
Assume first that A is a smooth complex hypersurface in X. Let E → X
denote the hyperplane section bundle of the divisor determined by A. Then
E|A ≃ NA|X , and there is a holomorphic section σ : X → E such that
A = {x ∈ X : σ(x) = 0}. Such σ is given by a collection (gi) of holomorphic
functions gi : Ui → C on an open covering {Ui} of X such that {gi = 0} =
A∩Ui and dgi 6= 0 on A∩Ui. The associated 1-cocycle gij =
gi
gj
defines the
line bundle E → X.
The Hermitian metric of signature (s, t) on the normal bundle E|A =
NA|X extends to a Hermitian metric h on E. On E|Ui ≃ Ui × C the metric
is given by a positive function hi : Ui → (0,∞). Let ||σ||
2
h : X → [0,∞) be
the squared length of the section σ : X → E. (On Ui this equals hi|gi|
2.)
Schneider showed that for a sufficiently large constant C > 0 the metric
φ on E, defined over Ui by φi =
hi
1+Chi|gi|2
, has signature (s + 1, t) over a
neighborhood of A (see [49, p. 225]). Set g = ||σ||2φ : X → [0,∞), so
g|Ui = φi|gi|
2 =
hi|gi|
2
1 + Chi|gi|2
=
||σ||2h
1 + C||σ||2h
.
It follows that
−i∂∂¯ log g|Ui = −i∂∂¯ log φi
and hence the Levi form of − log g = − log ||σ||2φ has at least s + 1 positive
eigenvalues in a deleted neighborhood of A in M . Clearly the same holds
for e− log g = 1
g
=
1+C||σ||2
h
||σ||2
h
and hence for ρ = 1
||σ||2
h
. The latter function is
noncritical near A and it blows up along A.
The general case reduces to the hypersurface case by blowing up X along
A [49, §3]. Assume that A has complex dimensionm and codimension r inX.
Let Aˆ = P(N) denote the total space of the fiber bundle over A whose fiber
over a point x ∈ A is P(Nx) ≃ P
r−1, the projective space of complex lines in
Nx ≃ C
r. Replacing A by Aˆ changes X to a new manifold Xˆ such that Xˆ\Aˆ
is biholomorphic to X\A, and Aˆ is a smooth complex hypersurface in Xˆ.
The restriction of the normal bundle N
Aˆ|Xˆ to the submanifold P(Nx) ⊂ Aˆ
is the universal bundle over P(Nx) ≃ P
r−1 (the inverse of the hyperplane
section bundle). This bundle is negative with respect to the Fubini-Study
metric on Pr−1, and a simple calculation shows that N
Aˆ|Xˆ has signature
(s, t + r − 1) if NA|X has signature (s, t). It remains to apply the previous
argument (in the hypersurface case) to a deleted neighborhood of Aˆ in Xˆ
(that is the same as a deleted neighborhood of A in X). 
Assume now that X is a complex manifold and A is a compact complex
submanifold of X with positive normal bundle NA|X . Let D be a relatively
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compact, smoothly bounded, strongly pseudoconvex domain in a Stein man-
ifold, with dimD ≤ dimA. Given a pair of points z0 ∈ D and x0 ∈ X\A,
it is a natural question whether there exists a proper holomorphic map
f : D → X\A such that f(z0) = x0. Theorem 7.2 gives an affirmative an-
swer if x0 lies sufficiently close to A (take f0 : D¯ → X to be the constant
map f(z) = x0.)
The answer to this question is negative in general. For example, if X
is obtained by blowing up P3 at one point, with Σ being the exceptional
divisor, and if A ⊂ X is a complex hyperplane disjoint from Σ, then for any
2-dimensional domain z0 ∈ D ⊂ C
2 and holomorphic map f : D → X\A
with f(z0) ∈ Σ the set f
−1(Σ) is a positive dimensional subvariety of D
which accumulates on bD; hence f cannot be proper into X\A. (We wish
to thank the referee for pointing out this example.)
The situation is different when a connected topological group acts tran-
sitively on X by holomorphic automorphisms:
Theorem 7.3. Assume that X is a complex manifold and A is a compact
complex submanifold of X with positive normal bundle NA|X . Let D be a
relatively compact, smoothly bounded, strongly pseudoconvex domain in a
Stein manifold, with dimD ≤ dimA and dimA+ dimD < dimX. Assume
that a connected topological group G acts transitively on X by holomorphic
automorphisms of X. Given points z0 ∈ D and x0 ∈ X\A, there exists a
proper holomorphic map f : D → X\A such that f(z0) = x0.
Proof. The idea is taken from [21, proof of Theorem 1]. Let s = dimA. By
the proof of Theorem 7.2 there exist a neighborhood V ⊂ X of A and a
noncritical smooth function ρ : V \A→ R that tends to +∞ at A and whose
Levi form has at least s+ 1 positive eigenvalues on V \A.
Choose an open subset V0 ⊂ X such that A ⊂ V0 ⋐ V . There is an open
neighborhood U of the identity in G such that g(V0) ⊂ V for each g ∈ U .
Choose a continuous map f0 : D¯ → X\A that is holomorphic in D and
such that f0(bD) ⊂ V0. (f0 may be a constant map.) Choose g ∈ G such
that gf0(z0) = x0. As G is connected, there are elements g1, . . . , gk ∈ U ⊂ G
such that g = gkgk−1 · · · g1 (product in G).
The map g1f0 is continuous on D¯, holomorphic in D, and g1f0(bD) ⊂ V .
By general position we may assume that its range does not intersect A.
Lemma 5.5 furnishes a continuous map f1 : D¯ → X\A that is holomorphic
in D such that f1(bD) ⊂ V0 and f1(z0) = g1f0(z0). (Lemma 5.5 also applies
to individual maps in view of Lemma 4.2.)
The map g2f1 is continuous on D¯, holomorphic in D, and g2f1(bD) ⊂ V .
By general position we may assume that its range does not intersect A.
Lemma 5.5 furnishes a map f2 : D¯ → X\A that is holomorphic in D such
that f2(bD) ⊂ V0 and f2(z0) = g2f1(z0) = g2g1f0(z0).
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After k such steps we obtain a continuous map fk : D¯ → X\A that is
holomorphic in D and satisfies
fk(bD) ⊂ V0, fk(z0) = gk · · · g1f0(z0) = x0.
We now apply Theorem 1.1 to fk, with Ω = V0\A and ρ as above, to obtain
a holomorphic map f : D → X\A such that f(z0) = x0 and the cluster set
of f at bD belongs to A. Hence f is a proper map of D to X\A. 
Applying Theorem 7.3 with X = Pn and taking into account that every
closed complex submanifold of Pn has positive normal bundle (see Barth [3])
gives the following corollary. (Compare with Corollary 1.4.)
Corollary 7.4. Let D be a relatively compact, smoothly bounded, strongly
pseudoconvex domain in a Stein manifold, and let A be a closed complex
submanifold of a projective space Pn such that dimD ≤ dimA and dimA+
dimD < n. For every pair of points z0 ∈ D and x0 ∈ P
n\A there exists a
proper holomorphic map f : D → Pn\A with f(z0) = x0.
Acknowledgement. We wish to thank the referee for very helpful remarks
and suggestions which helped us to improve the presentation.
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